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Abstract. We construct a one-hidden-layer neural network which can simultaneously learn several Bayesian
discriminant functions. The method can be applied if there exists a common transformation which transforms
them to sums of a common main function and simple additional functions respectively. In this paper, we treat
concretely the case where the state-conditional probability distributions are normal and the additional simple
functions are supposed to be linear. Corresponding to this decomposition, the neural network has a main
structure and additional linear nodes.

1 Introduction

Suppose that there are two categories of patterns x ∈ Rd. If there are m situations on which the state-
conditional probability distributions of the patterns depend, m Bayesian discriminant functions are necessary
to classify the patterns. In this paper, we show that a single one-hidden-layer neural network, equipped with
several additional nodes, can learn several Bayesian discriminant functions simultaneously if the discriminant
functions satisfy a certain condition.

Any monotone transforms of Bayesian discriminant functions are again Bayesian discriminant functions [1].
We suppose that there exits a monotone transformation such that for any two of the transforms qk1 , qk2 , 1 ≤
k1, k2 ≤ m, their difference qk1 − qk2 is simple in a sense. Then, qk can be decomposed into a sum qk = q0 + uk,
where q0 is the common term and does not depends on k, and the additional terms uk, k = 1, ..., m, are simple.
This decomposition is not necessarily unique and one of the uk can be zero.

However, our neural network has a structure such that it properly decomposes the qk, and its main part
approximates the common term q0 and the respective additional nodes the uk. Since the q0 is complicated and
uk are simple, many teacher signals are necessary for training the main part while a smaller number of the
teacher signals may be enough for training each additional node. Later in this paper, it will be seen that all the
teacher signals are used to train the main part and only those generated in the respective situations to train
uk. This use of the teacher signals is efficient.

We treat concretely the case where the state-conditional probability distributions are normal and the simplicity
of the terms uk implies that they are linear. Hence, the additional nodes are linear. Even if uk are more
complicated, the method can be applied if the linear nodes are replaced by some sort of modules.

The present algorithm was used in its primitive form in [6]. The network was constructed with a purpose that
it might be used even when the prior probabilities were changeable. From our present view point, the criterion
of simplicity of uk in [6] is that they are constants.

Treated in [6] was only one-dimensional state-conditional probability distributions because of difficulty in
learning with dichotomous teacher signals. In [3], it is proposed to use a neural network with hidden units
having a smaller number of inner parameters to overcome the difficulty. It has been shown that the difficulty
in learning can be more or less overcome when the proposed network is used [8],[9],[10]. This makes it possible
to extend the probability distributions to higher dimensional spaces. In the simulation in this paper, the state-
conditional probability distributions are two-dimensional.

2 Bayesian Discriminant functions

Let x ∈ Rd be patterns to be classified and suppose that they are from one of two categories. Let Θ = {θ1, θ2}
be the categories, and let Γ = {γ1, ..., γm} be the situations. Denote by Pk(θi) and pk(x|θi), i = 1, 2, the prior
probabilities and the state-conditional probability distributions in the situation γk. Let pk(x) be the probability
density at x in the situation γk. Then,

pk(x) = Pk(θ1)pk(x|θ1) + Pk(θ2)pk(x|θ2). (1)

Let Pk(θi|x), i = 1, 2, be the posterior probabilities. In the two-category case, we have

Pk(θ1|x) =
Pk(θ1|x)

Pk(θ1|x) + Pk(θ2|x)
= σ

(
log

Pk(θ1|x)
Pk(θ2|x)

)
, k = 1, · · · ,m, (2)

1

Volume 11, No. 4 Australian Journal of Intelligent Information Processing Systems



where σ is the logistic function σ(t) =
1

1 + e−t
. This formula was used by Funahashi [2]. We set

qk(x) = log
Pk(θ1|x)
Pk(θ2|x)

= log
Pk(θ1)
Pk(θ2)

+ log
pk(x|θ1)
pk(x|θ2)

, k = 1, · · · ,m. (3)

The posterior probabilities Pk(θ1|x) can be used as Bayesian discriminant functions in the situation γk. Since
qk(x) = σ−1(Pk(θ1|x)) are monotone transforms, qk(x) can also be used as Bayesian discriminant functions [1].
If the difference qk1(x)− qk2(x) is simple for any k1, k2 by a certain criterion, there exist a function q0, which
may be complicated, and simple functions uk such that

qk(x) = q0(x) + uk(x), k = 1, · · · ,m. (4)

This decomposition is not necessarily unique.

When the state-conditional probability distributions are normal:

pk(x|θi) =
1√

(2π)d|Σki|
e−

1
2{(x−µki)

tΣ−1
ki

(x−µki)}, i = 1, 2, (5)

the log ratio of the posterior probabilities in the k-th situation is

qk(x) = log
Pk(θ1)
Pk(θ2)

− 1
2

log
|Σk1|
|Σk2| −

1
2
{(x− µk1)tΣ−1

k1 (x− µk1)

− (x− µk2)tΣ−1
k2 (x− µk2)}, (6)

where Σki are the covariance matrices and µki the mean vectors. We suppose that the matrices are not de-
generate. Now we regard linear functions as simple. Hence, if the difference of any two of qk is linear, the
decomposition (4) is possible.

3 Construction of the neural network

Note that there are unit vectors vi, i = 1, ..., 1
2d(d + 1), in Rd such that (vi · x)2 are linearly independent,

where · stands for the inner product. We fix these unit vectors. Let ν be a rapidly decreasing measure on Rd

and let g be a twice continuously differentiable function defined on R such that that g(2)(0) 6= 0.

It is proved in [3] that, for any quadratic form q defined on Rd and any ε > 0, there exist constants ai,
i = 1, ..., 1

2d(d + 1), bi, i = 1, ..., d, c and δ for which

‖q − q̄‖L2(Rd,ν) < ε, (7)

where

q̄(x) =

1
2 d(d+1)∑

i=1

aig(δvi · x) +
d∑

i=1

bix + c. (8)

Our neural network is constructed so that the inner potential of the output unit can realize the formula
(8). The parameters to be optimized are ai, bi, c and δ because the unit vectors are fixed beforehand. Fig.1
illustrates the basic structure of the network for learning a Bayesian discriminant function in the case where no
transition of the situation is considered. It has direct connections between the input layer and the output unit.
The activation function of the output unit is the logistic function. Those of the hidden layer units are also the
logistic function but they are shifted: g(t) = σ(t + 2). Hence, g(2)(0) 6= 0 and the output can approximate the
quadratic form (8).
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Fig.1 A one-hidden-layer neural net-
work which can approximate a sin-
gle Bayesian discriminant function
of the form (6). This network has di-
rect connections between the input
layer and the output unit. Here and
in Fig.2, D = 1

2d(d + 1).

Fig.2 A one-hidden-layer neural net-
work which can approximate several
Bayesian discriminant functions of
the form (6) which can be decom-
posed in the form (4). This network
has m additional linear units.

The neural network of the form in Fig.2 is used to approximate several Bayesian discriminant functions.
Marked by Uk are linear nodes which are supposed to approximate linear functions. When a teacher signal
(x, θi, γk) comes, the k-th additional node is connected to the output unit. Let Qk be the inner potential of the
output unit when this connection is turned on. It can be decomposed into the form:

Qk(x,w) = Q0(x,w0) + Uk(x,wk), (9)

where Q0 is the linear sum of outputs of the nonlinear hidden units and Uk is the output of the k-th linear
node. Here w is the weight vector of the network, and w0, wk those of the main part and the k-th additional
part of the network. By (7) and (8), Qk can approximate a formula of the form (8) in the sense of L2, Q0 a
formula of the form of the first sum on the right-hand side of (8) and Uk a formula of the form of the second
sum. With this decomposition, the output of the network can be written

F (x,w, γk) = σ(Qk(x,w)) = σ (Q0(x,w0) + Uk(x,wk)) , k = 1, · · · ,m. (10)

4 Training of the neural network

The training set is a sequence of triplets (x, θ, γ) ∈ Rd × Θ × Γ , and the trained neural network receives
doublets (x, γ). Let ξ(x, θ, γ) be a function on Rd × Θ × Γ , and let E[ξ(x, ·, γ)|x] and V [ξ(x, ·, γ)|x] be the
conditional expectation and variance of ξ(x, θ, γ) respectively. Denote by Pγ(k) the probability of the situation
γk: ΣkPγ(k) = 1. Then, we have a proposition:

Proposition 1. Set

E(w) =
m∑

k=1

Pγ(k)
∫

Rd

2∑

j=1

(F (x,w, γk)− ξ(x, θj , γk))2Pk(θj)pk(x|θj)dx. (11)

Then,

E(w) =
m∑

k=1

Pγ(k)
∫

Rd

(F (x,w, γk)− E[ξ(x, ·, γk)|x])2pk(x)dx

+
m∑

k=1

Pγ(k)
∫

Rd

V [ξ(x, ·, γk)|x]pk(x)dx. (12)

Since this is a slight modification of a proposition in [12], we omit the proof. If ξ(x, θ1, γk) = 1 and
ξ(x, θ2, γk) = 0, then E[ξ(x, ·, γk)|x] = Pk(θ1|x). Hence, when E(w) is minimized, the output F (x,w, γk) is
expected to approximate Pk(θ1|x) for each k = 1, ..., m.
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Accordingly, learning of the network is carried out by minimizing

En(w) =
1
n

n∑
t=1

(F (x(t), w, γ(t))− ξ(x(t), θ(t), γ(t)))2

=
1
n

m∑

k=1

∑

γ(t)=γk

(F (x(t), w, γ(t))− ξ(x(t), θ(t), γ(t)))2. (13)

This method of training is stated and used in many literatures [2], [4]-[13]. If learning goes well, the approxi-
mation of Pk(θi|x) are realized in the sense of L2(Rd, pk) for each k. Here, it can be understood that the main
part of the network is trained on all arrivals of the training triplets, while the additional nodes only on arrivals
of the signals in the respective situations.

5 Simulation

Here, we illustrate an example of simulations to show that our method works well. The network learns simul-
taneously three Bayesian discriminant functions. Listed in Table 1 are the parameters of the state-conditional
distributions in the respective situations. These probability distributions and the Bayesian discriminant functions
based on these parameters are shown in Fig.3. Since the covariance matrices do not depend on the situations,
the shapes of the state-conditional probability distributions of each category in Fig. 3 are the same through the
situations. However, their positions depend on the situations because the means are not the same. The prior
probabilities are also distinct in the three situations. In this case the decomposition (4) can be applied with
linear uk.

Situation Pk(θ1) Pk(θ2) Σ1 Σ2 µ1 µ2

γ1 0.4 0.6
(

2.0 1.0
1.0 2.0

) (
1.0 −0.1
−0.1 1.0

)
(1, 0) (-1, 1)

γ2 0.7 0.3
(

2.0 1.0
1.0 2.0

) (
1.0 −0.1
−0.1 1.0

)
(0, 0) (0, 0)

γ3 0.5 0.5
(

2.0 1.0
1.0 2.0

) (
1.0 −0.1
−0.1 1.0

)
(0, -1) (0, 0)

Table 1 The prior probabilities and the parameters of the state-conditional probability distributions. The
covariance matrices are fixed, while other parameters depend on the situations.
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Fig.3 N11, N21 and N31 are the state-conditional probability distributions of the category θ1 in the situations
γ1, γ2 and γ3 respectively, and N12, N22 and N32 are those of the category θ2. T1, T2 and T3 are theoretically
calculated Bayesian discriminant functions in the respective situations.

The network was trained with 1000 triplets {(x(t), θ
(t)
i , γ

(t)
k )}1000t=1 . These came out independently from the

source and the probabilities of the three situations were the same. Among them 349 signals were generated in
the situation γ1, 332 in γ2 and 319 in γ3. The initial values of the parameters could not be chosen perfectly
randomly, and we had to look for a set of initial values, with which learning of the network went well. The
outputs of the network with the initial values are illustrated in Fig.4.

When learning is finished, the network outputs the functions S1, S2 and S3 in this figure. These are the
discriminant functions obtained by the simulation. By inspection, they are fairly close to the theoretically
obtained discriminant functions T1, T2 and T3 in Fig.3 respectively.
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Fig.4 I1, I2, I3 are the outputs of the network with the initial values of the parameters, and S1, S2, S3 are the
outputs in the respective situations when learning is completed.

In the situation 1, the theoretically obtained Bayesian discriminant function T1 classified 888 patterns correctly
among 1000 test patterns; in the situation 2, T2 allocated 705 patterns correctly; and in the situation 3, T3
allocated 709 patterns correctly. The Bayesian discriminant functions S1, S2 and S3 classified correctly 882, 704
and 710 patterns from the respective test patterns. The allocations by the theoretical and simulated Bayesian
discriminant functions coincided at 984, 987, 981 patterns among the 1000 in the respective situations.

We have compared these results with performances of three networks having the structure shown in Fig.1.
They were trained with the same teacher signals, but individually only on arrival of the teacher signals in the
corresponding situations. After training, their allocation capabilities were tested in the same way as above.
Their allocations coincided with those by the theoretical discriminant functions at only 942, 540, 623 signals
respectively. This implies that the use of the teacher signals of the network is efficient.

6 Discussions

Thus, we have shown that a single Bayesian neural network with additional nodes can approximate several
Bayesian discriminant functions. It is obvious that this method has efficiently used the teacher signals in the
simulation. The method can be extended to the case where uk are more complicated by replacing the additional
nodes by nonlinear nodes or even by some sort of modules.

This paper is specific to the two category case. However, this is not really a restriction because its extension to

multicategory cases is a simple matter [5],[9]. An easy way to extend is to use the log ratios q(i) = log
P (θi|x)
P (θn|x)

,

i = 1, ..., n, as a set of Bayesian discriminant functions [9]. Since q(n)(x) = 0, n− 1 discriminant functions must
be approximated. In this case, too, our method can be applied, if q(i1)(x)− q(i2)(x) are simple functions for any
i1 and i2.
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